University of M i c h i g a n , Ann Arbor, M i c h i g a n A numerical method is developed for calculation of the temperature field in a material that freezes outside an isothermal cylinder. Numerical values are presented for the freezing front location and for the rate of heot transfer to the cylinder. T h e computed values are compared with the analytical solutions for the limiting cases of zero latent heat, negligible heat capacity, and freezing adjacent to a flat plate. The results have many applications, including the freezing of wet soil outside underground pipes or storage tanks for cryogenic fluids.
sumed to have constant, but different, heat capacities and thermal conductivities. The density is assumed to be the same in both phases. Heat transfer is by conduction only, and the latent heat is all absorbed at T F .
This problem has many practical applications, including the freezing of wet soil outside underground pipes or storage tanks for cryogenic fluids. In many of these applications the length-to-diameter ratio is large enough and the surroundings are of sufficient extent so that the above idealized problem is a useful approximation. Water migration to the freezing front occurs to some extent in wet soils, but the limited available data for freezing in other geometries do not indicate that this effect is ordinarily significant. Natural convection due to density gradients behavior is not apparent from these data. Unpublished calculations indicate that a freezing range (due to capillaries in the soil or change of composition on freezing) has little effect on the rate of freezing or heat transfer for most practical conditions. These three complexities are accordingly neglected.
Analytical solutions have been derived for the cylindrical problem without freezing and for freezing adjacent to an isothermal flat plate (1). An analytical solution has apparently not been derived for the problem considered herein. Such a solution would probably be so complex as to be of little use.
Murray and Landis (2) developed a successful method for the numerical solution of freezing adjacent to a flat plate. Springer and Olson (-3, 4), Teller and Churchill ( 5 ) , and Seider and Churchill (6) have used modifications of this method for other freezing problems. This same general method is used herein.
Although the entire transient temperature field was computed, only the freezing front location and the heat flux density at the isothermal surface are presented herein.
M A T H E M A T I C A L F O R M U L A T I O N
The problem can be stated as follows: It is convenient to reexpress the problem as follows
( 1 1 )
The inclusion of the thermal conductivity ratio in the definition of V results in the elimination of one parameter where from the dimensionless representation of the temperature field, and hence in the representation of the freezing front location and the heat flux density at the isothermal surface.
FINITE DIFFERENCE FORMULATION
The region outside the cylinder was divided into equal increments of R and the problem rewritten in the corresponding finite difference form. Equations (7) and (8) were expressed in the following explicit forms:
The new temperature at the two grid lines immediately adjacent to the freezing front cannot be computed with stability from Equations (17) and (18) because of the discontinuity in the temperature gradient a t the freezing front. Murray and Landis ( 2 ) suggested calculation of these two temperatures by a three-point interpolation.
The following similar expressions based on a four-point Lagrangian interpolation were utilized herein.
where m indicates grid number immediately inside the freezing front and 6 = Rp -R, as illustrated in Figure 1 . The temperature at the freezing front was utilized in the formulation of Equations (19) and (20) but does not appear explicitly because of its zero value in terms of V and U . When the freezing front crosses a grid line during a time step, Equation (19) is used with m replaced by m + 1 to find the new temperature just inside the frozen region.
The motion of the freezing front was calculated from the following finite difference form of Equation ( 9 ) .
The exact evaluation of R'p would require the use of the correct mean value for the right side of Equation (9). As indicated Rp at T plus half the previous increment in RF was used as a mean value for Rp in the exponential. The reiterative use of average values of ( a U / a R )~p and (aV/dR) R p over the incremental time step did not result in a significant correction, and the values at T were actually employed.
The dimensionless heat flux density was calculated from the following derivative of a Lagrangian (or Newtonian forward) interpolation through the first four grid points The conventional criterion for the stability of the explicit formulation is still valid for the case of latent heat ( 7 ) . For Equation ( 17) this criterion can be written as The location of the pseudo freezing front can be found by equating T to T , in Equation (1) and solving for the corresponding r/a. Plots of the solution of Equations (27) and (28) are included in Carslaw and Jaeger (I ) . However, because of the uncertainty in reading values from these plots computer programs were written and utilized to compute the freezing front location and heat flux density. A series solution was used for short times and numerical integration of the differential equation for long times rather than Equations (27) and (28).
The following analytical solution can be derived for zero heat capacity. The computed values of X,/U and qa/k,(Tp -T w ) for eighteen conditions have been deposited. * The computer program, which is written in MAD (Michigan Algorithm Decoder), and a simplified flow diagram for the computations are included in the deposited material. The transient temperature distribution is not tabulated but may be obtained from the computer program.
CONCLUSIONS
The method described herein and computer programs that have been made available can be used to calculate the temperature field, including the freezing front loca- tion, and the heat 0ux density in the region outside an infinitely long circular cylinder.
The numerical values that are presented illustrate the effects of the several parameters and variables. The minimum number of parameters with which the problem can be described was determined. This permitted a minimum of computation and an economical representation of the results.
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